ABSTRACT. We present some properties of [0]-lower continuous functions. We give an equivalent condition of [0]-lower continuity and find maximal additive family and maximal multiplicative family for the class of [0]-lower continuous functions.
Preliminaries
In the paper, we apply standard symbols and notations. By R we denote the set of all real numbers, by N we denote the set of all positive integers. By L we denote the family of measurable in sense of Lebesgue subsets of real line. The symbol | · | stands for the Lebesgue measure on R. Throughout the paper, I = (a, b) denotes an open interval (not necessarily bounded) and f is a real-valued function defined on I. By A we denote the class of approximately continuous functions.
Let E be a measurable subset of R and let x ∈ R. According to [2] , the numbers 
|E ∩ [x, x + t]| t
are called the right lower density of E at x and right upper density of E at x, respectively. The left lower and upper densities of E at x are defined analogously. If 
If d(E, x) = d(E, x), we call this number the density of E at x and denote it by d(E, x).
Let us recall the definition of [λ, ]-continuous function.
Ò Ø ÓÒ 1.1 ([7] )º Let E ∈ L, x ∈ R and 0 < λ ≤ ≤ 1, λ < 1. We say that x is a point of [λ, ]-type density of E, if . In [7] , an equivalent condition of C [λ, ] -continuity was proved.
d(E, x) > λ and d(E, x) >
We will need the following technical lemma from [6] .
Ä ÑÑ 1.1 ([6, Lemma 2.3])º Let F be a measurable set and let x ∈ R. There exists a sequence of closed intervals I n = [a n , b n ] :
Now, we will give a basic definition of the present paper. The following conditions are equivalent:
Assume that there exists a measurable set E ⊂ I such that
There exists λ > 0 such that
Let {x n } n≥1 be a sequence of points from I such that lim n→∞ x n = b and x n+1 > x n for every n ≥ 1. We can find a sequence J n = [p n , q n ] n≥1 ⊂ (a, b) of pairwise disjoint closed intervals, for which x n ∈ (p n , q n ). 
Then, f is continuous at every point except at x 1 , x 2 , . . . and constant on every set
be any real numbers such that 0 < λ ≤ ≤ 1 and λ < 1. There exists n 0 such that
Remark 1.1º It seems that, in the same way as in [1, Theorem 4] , one can prove that the set 0<λ≤ <1 C [λ, ] is even nowhere dense in C [0] .
A NOTE ON THE [0]-LOWER CONTINUOUS FUNCTIONS

Basic results
and suppose that f is not measurable. There exists a number a ∈ R for which at least one of the sets x ∈ I : f (x) < a , x ∈ I : f (x) > a is non-measurable. We may assume that the 
is measurable.Let L(F ) be a set of all density points of a setF. Since|F \L(F )| = 0, there exists
It follows that there exists a measurable set E ⊂ I such that
We have
Applying Proposition 7 from [1] , we see that C [0] is not closed under the uniform limit. 
Take any ε > 0. There exists n 0 ≥ 1 such that for every k > n 0 and every x ∈ I, the inequality
Therefore,
Hence,
Since ε > 0 was taken arbitrarily,
It follows that f is [0]-lower continuous at x 0 . Now, suppose that f is [0]-lower continuous at x 0 . Let
There exists n 0 ≥ 1 such that for every k > n 0 and every x ∈ I the inequality
Similarly as earlier, we can easily check that 
Maximal additive class
Ò Ø ÓÒ 3.1º Let F be any family of real valued functions defined on I.
is called the maximal additive family for F. 
is fulfilled.
P r o o f. Assume that a measurable function f fulfills condition (A)
. Let x 0 ∈ I and let g be a lower [0]-continuous at x 0 . There exists a measurable set E such that x 0 ∈ E, g|E is continuous at x 0 and d(E, x 0 ) > 0. Hence, for every ε > 0 there exists δ > 0 such that
. Suppose that there exists x 0 ∈ I at which condition (A) is not fulfilled. Then, there exists a measurable set E ⊂ I such that d(E, x 0 ) > 0 and
We may assume that
By Lemma 1.1, there exists a sequence of closed intervals [a n , b n ] n≥1 such that x 0 < b n+1 < a n < b n for n ≥ 1 and
Clearly, g is [0]-lower continuous at every point except at x 0 . Since
I n is constant, we conclude that g ∈ C [0] . Take any ε ∈ (0, 1).
If
By assumption,
We will show connections between M a C [0] and the so-called T * -continuity. To this end, we need the notion and some properties of sparse sets and definition of T * continuous functions. Details of this notion can be found in [4] , [8] . We will need only the following Ò Ø ÓÒ 3.2 ([4])º We say that a measurable set E ⊂ R is sparse at x 0 ∈ R if for every measurable set
We say that E is sparse if E is sparse at every x 0 ∈ R. 
and lim sup
then
. Then we can find δ > 0 such that
Fix any x ∈ (x 0 , a n 0 ). There exists k > n 0 such that
Moreover,
By (5) and (7), we have
for every x ∈ (x 0 , a n 0 ). Therefore,
(we may assume that [0, 1] ⊂ I). Obviously, lim n→∞
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The function f is continuous at every point except at 0. Take ε ∈ (0, 1). Then
Notice that the set (2) and (3) 
By Lemma 3.1 and Theorem 3.3, f is T * -continuous at 0 and f ∈ C T * . Notice that
On the other hand,
and
STANIS LAW KOWALCZYK -KATARZYNA NOWAKOWSKA Ä ÑÑ 4.1º Let f : I → R be a function from C [0] . If there exists x 0 ∈ I such that f does not fulfill condition (A) at x 0 and f (x 0 ) = 0, then there exists g : I → R such that g ∈ C [0] and f · g ∈ C [0] . P r o o f. By assumptions, there exists a measurable set E ⊂ I such that d(E, x 0 ) > 0 and
Again, we may assume that
There exists a sequence of pairwise disjoint closed intervals {[a n , b n ]} n≥1 such that x 0 < b n+1 < a n < b n for every n ≥ 1 and . Assume that f does not satisfy condition (A) at x 0 . By (W1), we have f (x 0 ) = 0. Let N f = x ∈ I : f (x) = 0 . Take any g ∈ C [0] . There exists a measurable set E ⊂ I such that x 0 ∈ E, g |E is continuous at x 0 and d(E, x 0 ) = λ > 0.
